We calculate the hadronic tensor for inclusive semileptonic B → X c ℓν decay to O(α s ). This 
The hadronic invariant mass spectrum is examined with a general moment to obtain observables that test the theoretical error estimate assigned to these parameters; in particular, fractional moments that directly test the OPE for inconsistencies in the hadronic invariant mass spectrum 
I. INTRODUCTION
Inclusive semileptonic B → X c ℓν decay offers an opportunity to measure the CabbiboKobayashi-Maskawa (CKM) parameter |V cb | and the bottom quark mass [1, 2, 3, 4, 5, 6, 7, 8, 9] . Measurements of these parameters are crucial to the B factory program of overconstraining the CKM sector of the standard model [10] . Experimental studies of moments of the differential decay spectrum of B → X c ℓν combined with a measurement of the total inclusive decay rate are useful in extracting these parameters, as these observables can be measured cleanly by experiment, and calculated from QCD without model dependence using an operator product expansion (OPE).
The OPE is an expansion in powers of the ratio Λ QCD /m b , where the terms in this expansion are parameterized using heavy quark effective theory (HQET). The OPE demonstrates that in the m b → ∞ limit, inclusive B meson decay spectra are equal to b quark decay spectra. To extract m b and |V cb | from the inclusive decay spectrum with high precision, one needs to accurately know the relevant matrix elements of terms in the OPE that the spectrum depends upon. Extensive theoretical effort has been devoted to calculating the decay rates and moments of various spectra; to test HQET by the extractions of these nonperturbative parameters from different spectra, and to obtain |V cb | and a precise value for the b quark mass.
Experimental results have been reported by the BABAR, CLEO and DELPHI collaborations measuring various B meson decay spectra and moments [11, 12, 13, 14, 15, 16] . Recent analysis of this data [17, 18] finds |V cb | = (40.8 ± 0.9) × 10 −3 and m [19] .
In past calculations, the lepton energy cut dependence of the O(α s Λ QCD /m b ) terms was not calculated, and these terms were treated as a source of error in the determination of m b and |V cb |. In this paper, we improve upon past results by calculating the lepton energy cut dependence of the O(α s Λ QCD /m b ) terms. With the calculation of these terms and the moments presented in this paper, global fits will allow precise determinations of |V cb | and m b to occur from the inclusive decay spectrum.
As the precision of determinations of m b and |V cb | improves, it becomes important to test the consistency of the OPE more precisely. Observables that do not depend strongly on the nonperturbative parameters that introduce the dominant uncertainty in extractions of m b and |V cb | allow one to test if the uncertainty assigned for all higher order terms in the OPE is sufficiently large. By examining a general moment of the lepton spectrum [20] , observables of this type, called OPE testing moments, have been found. In this paper, we apply this technique to hadronic invariant mass moments. By testing the error assigned to higher order effects experimentally we improve the confidence in the theoretical error assigned due to these effects in determinations of m b and |V cb | from moments of semileptonic inclusive b decay. This allows extractions of m b from these decay to occur in a relatively theoretically clean and unambiguous fashion [21] . These results can be combined with the results for the lepton energy spectrum for cross checks and fits to determine the HQET parameters.
The structure of this paper is as follows. In Section II the O(α s ) contribution to the hadronic tensor is presented. Section III reports on moments in the 1S mass scheme [22, 23, 24, 25] , and discusses the m b Λ QCD /m c expansion present in fractional hadronic invariant mass moments. The decay width to O(α s Λ QCD /m b ) and O Λ 3 QCD /m 3 b and the error that should be assigned in the fit of the moments presented in this paper is discussed. The dominant parameters affecting the extraction of |V cb | inclusively, m 1S b and λ 1 , are extracted from known moments. Observables appropriate to precisely test the consistency of the OPE are reported and moments that allow a measurement of the b quark mass with minimal theoretical error due to unknown matrix elements are presented.
Hadron Tensor Decomposition
The O(α s ) corrections to semileptonic B → X c ℓν decay have been known for particular spectra and moments for some time [26, 27, 28] . The decomposition of the triple differential decay spectrum in terms of structure functions has not appeared in the literature to date, although the limit of this spectrum appropriate for a massless final state is known [29] . The triple differential decay spectrum must be known to allow for the experimentally required cuts on the kinematic variables to be imposed in calculating the O(α s Λ QCD /m b ) terms and to perform a general moment analysis, and so we present it here.
We decompose the triple differential decay spectrum in terms of the invariant mass of the
where q µ is the momentum of the lepton pair, the c quark jet invariant massẑ = (m b v − q) 2 /m b 2 , and the charged lepton energyÊ ℓ = E ℓ /m b . This spectrum is written in terms of a lepton tensor L µν and the hadron tensor W µν ,
where
Integrating over the charged lepton energy the differential decay spectrum becomes
where E 0 = 1/2 (1 +ẑ −ŷ) is the leading order energy of the c quark jet, ρ = m 2 c /m 2 b and t = 1 −ẑ/E 0 2 is the rapidity of the c quark.
The hadron tensor can be decomposed in terms of the initial B meson four momentum Q µ and the hadronic decay products four momentum P µ = Q µ − q µ , where q µ is the momentum of the lepton pair. This tensor can be calculated from the discontinuity of the time ordered product of the current J µ =cγ µ (1 − γ 5 )b,
This tensor is calculated by considering the quark-gluon level processes involved in this decay. The spectra obtained from the parton level discontinuity are expected to accurately describe physical B meson decay spectra so long as observables are sufficiently inclusive.
The tensor decomposition in terms of the four vectors Q µ and P µ yields five non trivial structure functions W i ,
, and
The IR singularities present in the unintegrated spectra are regulated by a gluon mass λ G in this calculation and the divergence cancels between the virtual and bremsstrahlung graphs once one integrates over phase space. The divergence directly cancels in integrations of these structure functions as the first two bremsstrahlung terms in W 1 1c each contribute a factor of 8 log (λ G ), while the final term contributes a factor of 8/t log 1+t 1−t log (λ G ). For the purposes of this paper it is sufficient to numerically integrate the O(α s ) spectrum with the regulator assigned a small numerical value λ G ∼ 10
We have checked the hadron tensor at O(α s ) by integrating our results to compare against known O(α s ) spectra and agree with [26] and the historical [30] , but disagree, as do these other authors, with [27] . We also agree with the total O(α s ) contribution to the decay rate in [31] . The massless limit of the O(α s ) hadron structure functions has been taken for all regular terms and we find we agree with the regular terms for a massless final state [29] .
C. Lepton Tensor and Phase Space
To find moments of the triple differential spectrum one must integrate over phase space while imposing the experimentally required cut on the lepton energy. With no lepton energy cut the phase space is given by the following region [26] , referred to as region R I ,
Without a lepton energy cut in the phase space, the lepton tensor integrated over the lepton energyÊ ℓ is
When a minimum cut E min ℓ ≥ x m b is introduced, the phase space and the lepton tensor are modified. We do not repeat the derivation of the lepton tensor with a cut here, see [32] , but note that the phase space splits into three regions when a cut is imposed. These three regions correspond to the partitioning of phase space that occurs when the electron energy lies below or within the phase space integration range as shown in Fig. 2 . We only consider cuts below the upper limit of E ℓ as given in Eq. (13) , this corresponds to only considering cuts where Fig. 2 , is below the lower limit of the lepton energy in Eq. (13) and as the integration over the lepton energy is unaffected, the lepton tensor with this cut reduces to the simple expression above with the electron energy integrated over
However, this lepton energy cut still affects the subsequent integrations ofẑ andŷ by imposing the constraint on the range ofŷ , so that the remaining kinematic variables are integrated over the phase space region R II ,
For x ≥ 1/2 a − √ a 2 −ŷ while x ≤ √ŷ /2, labelled in the diagram as the cut x 2 , the phase space splits into two regions. The first region R III has the hadron tensor contracted with the lepton tensor of Eq. (14), and the range ofÊ ℓ as given by Eq. (15) . The remaining phase space variables are then integrated over the range,
The second region of type R III combines with the region of phase space where Fig. 2 . The resulting combined phase space has the lepton tensor incorporating the cut within the phase space range and the subsequent integration is given by the region R IV ,
.
III. HADRONIC MASS MOMENTS A. 1S Mass Scheme
In calculating moments of the hadronic invariant mass spectrum, we use the 1S mass and the upsilon expansion [22, 23] . It is well known the pole mass renormalon [24, 25] ambiguity leads to unnecessarily badly behaved perturbation series for moments when a poor mass scheme is chosen. In the 1S scheme the renormalon ambiguity is of O Λ 4 QCD /m 4 b and so we expect the perturbation series of moments of the spectra to be better behaved. We express moments in terms of the 1S mass, which is related to the b quark pole mass through the relation [22, 23] 
where The dependence on the pole mass of the charm quark in our results is eliminated through,
The meson massesm D andm B are the spin averaged meson massesm
In this relation we use the fact that
The perturbative corrections coming from expressing the b quark mass in terms of the 1S mass are determined by using the definitions of Λ 1S and m
1S
b and the HQET relationship between meson masses and quark masses
where m H is the hadronic mass, m Q is the heavy quark mass, and d H = 3 for the pseudoscaler mesons while d H = −1 for the vector mesons.
In calculating the general hadronic moment, previously calculated moments by Bauer, Ligeti, Luke and Manohar (BLLM) [17] were reexamined in the 1S mass scheme to check results. The results presented in the following sections for the first hadronic moment and its variance are different for two reasons. First, in BLLM a 1/m B expansion was used to replace m B in the expansion of s H in terms of partonic variables,
In the results reported in the following sections we always use a 1/m Υ expansion. The corresponding expansion is
Second, we treat a class of powers of ). This implementation of the 1S scheme is similar to the the general moment analysis of the lepton energy spectrum [20] . The lepton moments are presented in Appendix C and can be combined with the hadronic spectrum results to cross check extractions of Λ 1S and λ 1 from these differing spectra. Further hadronic moments that are appropriate for a global fit, such as s
1/2
H and s
3/2
H are presented in Appendix B.
B. Decay Width to
With the 1S scheme implemented as discussed in the previous section, the decay width of B → X c ℓν is
. Uncertainties in the values of Λ 1S , λ i , ρ i and τ i introduce uncertainties in the inclusive extractions of |V cb | using the decay width. In the nonperturbative expansion the largest theoretical uncertainty in the extraction of |V cb | comes from Λ 1S and λ 1 which one can see introduce ∼ 2% uncertainties, followed by the higher order nonperturbative terms which impose an uncertainty of ∼ 1% as one can see by examining the results for the total decay width and estimating the size of the unknown terms with dimensional analysis.
The size of the O(α For the first moment, this indicates that the order of the α s λ i terms is expected to be ∼ 0.01 Λ 2 QCD which can be safely neglected in fits to determine the third order parameters in the OPE. However, completely uncorrelated uncertainties of this size for both α s λ i should be used to estimate the error on the fit. The size of the corrections introduced when using the mass splitting formula to replace the c quark mass should also be estimated in a fit to extract the third order terms in the OPE, as well as uncertainties due to 1/m 4 b corrections to the OPE. These number and size of these terms are completely unknown and the uncertainties introduced due to these terms can be estimated by introducing completely uncorrelated errors of their naive dimensional size.
C. Integral Hadronic Moments
The nonperturbative parameters in the decay width can be determined by global fits to moments calculated from the decay spectra of B → X c ℓν such as the hadronic invariant mass spectra. The first and second moments of the hadronic invariant mass spectrum have been known for some time [8, 28] . The perturbative corrections to these moments were obtained by expressing the hadronic moments in terms of the known O(α s ) corrections to the lepton spectra and the leading order hadronic invariant mass spectra. This technique fails when a lepton energy cut is introduced into the phase space, and the general tensor results of Section II are required. In terms of partonic quantities the hadronic invariant mass is defined to be
It is conventional to examine the first hadronic moment once the spin averaged meson massm 2 D is subtracted. Moments that give the mean and variance of the hadronic invariant mass spectrum with lepton energy cuts of differing values were re-examined recently by BLLM. These moments are defined with lepton energy cuts E min ℓ ,
These moments as functions of the cut on the lepton energy, including the previously 
and in the following tables the leading order term of a moment S i is labelled S 0 i . For the S 2 (E 0 ) moments, as explained in Section III A, the results differ from those stated in BLLM. This difference is formally of higher order, and in the nonperturbative expansion the overall effect of the differing implementations of the 1S scheme is small. The effect of these terms in the perturbative expansion is also small for most moments. However, the variance of the hadronic invariant mass spectrum is more sensitive to higher order terms due to the cancellation among leading order terms in the nonperturbative expansion. The 1S scheme as implemented in BLLM found that the variance increased as the lepton energy cut ) terms are treated as detailed in Section III A in the 1S scheme, the O(α s ) term and variance has the experimentally measured dependence on the lepton energy cut, as can be seen in Table 3 and 4. The moments S 1 and S 2 with a lepton energy cut of 1.5 GeV have been experimentally measured by CLEO [12] ,
Using this data, we can extract values of Λ 1S and λ 1 , for comparison with extractions from the lepton energy spectrum. We estimate the theoretical error on the extraction due to the unknown third order terms in the usual way [9] using the results of recent fits when they substantially improve our knowledge of these terms beyond dimensional analysis. We use the HQET vector pseudoscalar mass splitting constraint to determine λ 2 = 0.12 GeV 2 and the mass splitting formula to third order [8] ,
to reduce the number of free parameters. A positive value of ρ 1 is imposed in accordance with vacuum saturation [35] As m c → 0 these cuts coalesce and one would expect predictions for fractional moments in this limit to be ill defined, as discussed in recent work [19] . We find an explicit m b Λ QCD /m 2 c expansion in calculations of fractional moments of s H ; the neglected terms in this expansion are numerically suppressed for hadronic invariant mass observables leading to a small numerical uncertainty being introduced. This can be shown by examining a general moment of the squared hadronic invariant mass s n H . The dependence of the general moment as a function of n is found by performing an expansion of s n H ,
The coefficient functions
in the nonperturbative expansion we find,
where the C but the best way to estimate the uncertainty introduced is under study. In the following investigation of hadronic fractional moments no additional uncertainty is added to account for this theoretical error and we examine how known sources of error primarily from unknown matrix elements can be reduced.
When examining a general moment s n H to obtain interesting observables, we expand in the ratio Λ QCD /m Q and then examine the n and E values, in order to maximize the utility of a measured moment in obtaining information on the nonperturbative matrix elements. We define a general moment function,
so that
Our search of the hadronic mass moments is restricted to the parameter space,
to ensure a well behaved OPE. In this parameter space we find two types of moments of interest, moments that allow the OPE to be precisely tested for deviations from experiment and moments that allow one to extract the 1S mass with minimal error. We consider each type of moment in the following sections.
OPE Testing Moments
A discrepancy of the prediction of the OPE when compared with data can come from a number of possible sources when one is considering percent level extractions of |V cb |: a higher order matrix element that is being neglected could be anomalously large, the OPE itself could not be converging or quark-hadron duality violation could effect determinations [42, 43, 44, 45, 46, 47] . By finding moments where only the leading order unknown nonperturbative parameters are suppressed and checking the predicted values against experiment, one can assess the theoretical error that is being assigned to the inclusive extraction of |V cb | in a clear and unambiguous fashion. This technique [20] has recently been used to test the OPE in the lepton energy spectrum. Measurements of these OPE testing observables in this spectrum indicated that the OPE is a valid description of the data to the percent level [48] . It is important to note that the OPE testing moments presented allow one to check that the error assigned in the extractions of |V cb | and m b is large enough to account for all of these possible effects if the OPE testing moments properly describe the data [49] .
A selection of these OPE testing moments for the hadronic invariant mass spectrum is presented in Table 5 . The nonperturbative parameters for these moments are not suppressed except for the leading unknown nonperturbative terms Λ 1S and λ 1 . A typical OPE testing moment is as follows,
Varying the unknown parameters in the same way, and treating the leading order nonperturbative parameters as unknowns and varying them over the region Λ 1S = −0.13±0.1 GeV,
this moment is predicted to be
The perturbative error is obtained by the scale variation in the standard way. As in the lepton spectra, the OPE testing moments are such that with no nonperturbative input other than the known value of λ 2 , we can predict the value of a moment to an accuracy of 1%.
As the error on the nonperturbative terms is reduced with global fits, it is important to cross check with the predicted and measured values of these moments in order to ensure the error on |V cb | and m
1S
b is not being underestimated. Table 5 and 6 present a selection of OPE testing moments in the parameter space examined. 
Note that moments of this type have a strong dependence on Λ 1S and a weak dependence on λ 1 while the coefficients of the higher order terms in the nonperturbative series are not with an experimentally tested theoretical error; comparisons of the b quark mass extracted in this way with extractions using other techniques will be a useful cross check of theoretical techniques.
A selection of moments of this type is given in Table 7 and 8. The coefficient functions of the general hadronic moment s H in terms of the pole mass and the HQET local operator expansion are as follows: 
APPENDIX C: LEPTON ENERGY MOMENTS FOR FIT
Lepton energy moments appropriate for extracting Λ 1S and λ1 from previous work [20] in terms of the inverse upsilon mass expansion andΛ 1S ≡ 
